This is the latest part of an ongoing project aimed at extending algebraic properties of the classical modular group SL 2 (Z) to equivalent groups in the theory of Drinfeld modules. We are especially interested in those properties which are important in the classical theory of modular forms. Our results are intended to be applicable to the theory of Drinfeld modular curves and forms.
Introduction
This paper is part of an ongoing project which aims to extend algebraic results from the classical modular group, SL 2 (Z), to equivalent groups occurring in the context of Drinfeld modular curves [Ge] . We are especially concerned with those results which have proved applicable to the classical theory of modular forms. Our hope is that our results will prove useful to experts in the theory of Drinfeld modules. Here we are primarily concerned with the cusp amplitudes and level of a subgroup of such a group. One of our principal aims is to demonstrate that these concepts, as well as much of the classical theory of congruence subgroups, can be extended to linear groups defined over any Dedekind domain D.
Congruence subgroups, beginning in the 19th century with SL 2 (Z), are usually defined for a matrix group with entries in an arithmetic Dedekind domain A (or, more generally, an order in such a domain). The definition involves a non-zero A-ideal. Since every proper quotient of A is finite, every congruence subgroup is necessarily of finite index. This leads naturally to the converse question (for the particular matrix group), namely the celebrated Congruence Subgroup Problem, which has attracted considerable attention for many years. For D which are not arithmetic, i.e. D which might have proper infinite quotients, there is no longer a close connection between the congruence subgroups of SL 2 (D) and its finite index subgroups. For example, if k is an infinite field, then SL 2 (k[t]) has infinitely many congruence subgroups and no proper finite index subgroups.
The groups SL 2 (D) include a number of very important special cases, for example, the classical modular group SL 2 (Z), the Bianchi groups, where D is the ring of integers in an imaginary quadratic number field, and groups occurring in the context of Drinfeld modular curves [Ge] . Other examples are SL 2 over a ring of S-integers of a number field or of a function field in one variable over any constant field, SL 2 over any local ring and SL 2 over any principal ideal domain.
When generalizing concepts from the classical modular group SL 2 (Z) to SL 2 (R) for more general rings R, one sometimes has to make a choice between loss of structure and loss of information. For example, let H be a subgroup of SL 2 (R). Then the set of all a ∈ R such the translation matrix 1 a 0 1 is contained in H is an additive subgroup of R. Hence in the special case R = Z this is automatically an ideal. In the general case one can choose between considering this set and losing the ideal structure or considering the biggest ideal contained in this set and thus losing information about H. This is one reason why it is sometimes difficult to extend results that hold for SL 2 (Z) to more general groups SL 2 (R). Either the associated objects do not have enough structure and hence one cannot prove enough about them, or they have the necessary structure but they don't encode all the desired information. This also indicates that one should look at both of the possible generalizations and how they are related.
Let us make this precise by introducing the most important instance of this dichotomy structure versus information.
Let R be a commutative ring with identity and let H be a subgroup of SL 2 (R). The classical definition of the level l(H) of H opts for structure over information and defines it as the largest R-ideal q such that for every a ∈ q the translation matrix
is contained in every conjugate of H in SL 2 (R). We emphasize information over structure and call the set of all a ∈ R such the translation matrix
is contained in every conjugate of H in SL 2 (R) the quasi-level of H, denoted by ql(H). Implicitly the quasi-level already occurs for example in the proof of Proposition 1 in [Se1] .
Obviously, the level of H is the largest R-ideal contained in the quasi-level of H. Clearly for the special case R = Z we always have ql(H) = l(H). In general however, as we shall see, they can differ by "as much as possible". By definition the level of a subgroup is not merely an additive subgroup of R and it can be shown to have much stronger properties than the quasi-level. However as a parameter for studying H it is less useful than ql(H), mainly for the following reason. If H is of finite index in SL 2 (R) then ql(H) is non-zero. On the other hand for some R (including R = k [t] , where k is a finite field) it is known that SL 2 (R) has infinitely many finite index subgroups of level zero. Moreover for any finite index subgroup H important information is provided by equations involving the size of the quasi-level of H and its index in SL 2 (R). Now let D be any Dedekind domain with quotient field F . The group SL 2 (D) acts on the projective line P 1 (F ) = F ∪ {∞} as a set of linear fractional transformations. Let H be a subgroup of SL 2 (D). Clearly H acts on O ∞ = {g(∞) : g ∈ SL 2 (D)}, the SL 2 (D)-orbit containing ∞. We refer to the orbits of the H-action on O ∞ as the H-cusps.
The classical definition of cusp amplitude again prefers structure over information and defines the cusp amplitude of the H-cusp containing g(∞) as a certain D-ideal c(H, g) associated to the stabilizer of g(∞) in H. See Section 2 for details.
As the cusp amplitude often loses too much information about the stabilizer of the cusp, we also introduce what we call the quasi-amplitude. This represents the other possibility to generalize the notion of cusp-amplitude from SL 2 (Z) to SL 2 (D), going for more information and less structure by dropping the requirement that it is an ideal and considering all translation matrices in H g . Again, in general the quasi-amplitude b(H, g) is only an additive subgroup of D. Obviously, the cusp amplitude c(H, g) is the largest ideal contained in b(H, g). In situations where one can control how far the two can be apart, one then obtains results that generalize theorems for the classical modular group.
Let A(H) denote the set of all the cusp amplitudes of H. It is easy to see that the intersection of all these cusp amplitudes is nothing else than the level of H. In our first principal result we prove that for one important class of subgroups the set A(H) has the following surprising properties.
Theorem A. Let H be a subgroup of SL 2 (D) and let
If H is a congruence subgroup, then c min , c max ∈ A(H).
In particular, if H is a congruence subgroup, there is an H-cusp in the SL 2 (D)-orbit of ∞ whose cusp amplitude equals the level of H.
This extends the results of a remarkable paper of Larcher [La] for the particular case D = Z. For this case Stothers [St] has also proved that A(H) has a lower bound by an alternative method. In extending Larcher's proofs we have simplified his approach in a number of ways. Most importantly we have avoided his use of the Dirichlet theorem on primes in an arithmetic progression (for Z).
Strictly speaking, our definition of the cusp amplitude differs slightly from the one given in [La] . The results in [La] are formulated for P SL 2 (Z), or equivalently, for congruence subgroups that contain −I 2 , and for those both definitions coincide.
Cusp amplitudes were originally introduced for subgroups of the modular group SL 2 (Z) and play an important role in the theory of modular forms and modular curves. Theorem A holds (trivially) for every normal subgroup of SL 2 (D) since then A(H) reduces to a single ideal. However it is known that it does not hold in general for non-normal non-congruence subgroups. Moreover we show that Theorem A does not hold in general for the quasi-amplitudes of a congruence subgroup.
The intersection of all the quasi-amplitudes (resp. cusp amplitudes) of H is ql(H), its quasi-level (resp. l(H), its level). As previously stated, for the classical case D = Z they clearly coincide. Our second principal result shows, rather surprisingly, that this is also true for "many" congruence subgroups of SL 2 (D).
We give a name to the precise condition as it will be used in several places in the paper.
Condition L. Let H be a subgroup of SL 2 (D) of non-zero level l(H) = q. We say that l(H) (or H) satisfies Condition L if both the following two conditions hold:
(ii) There are no prime ideals p for which |D/p| = 3 and ord p (q) = 1.
Note that both conditions are satisfied if, for example, q + (6) = D, so in particular always for char(D) = p ≥ 5. Condition L is also automatically satisfied if D contains a field that is a nontrivial extension of F 3 .
In other words, then the quasi-level of H is automatically an ideal.
There are examples of (normal) congruence subgroups which show that both restrictions on q from Condition L are necessary in Theorem B. For non-congruence subgroups H Theorem B breaks down completely, i.e. ql(H) and l(H) can "differ by as much as possible". More precisely we prove that SL 2 (k[t]), where k is a field, contains normal, non-congruence subgroups whose quasi-level has k-codimension 1 in k[t] and whose level can take any possible value (including zero). (There are no proper subgroups of
Presumably one of the most interesting and in practice one of the most useful results on congruence subgroups would be to bound the level in terms of the index of the subgroup, i.e. to generalize the classical result that the level of a congruence subgroup of SL 2 (Z) can not be bigger than its index. In Section 5 we discuss different generalizations of this. The proofs use many of the previous results. We highlight a version that holds for general D.
Theorem C. Let D be any Dedekind domain and let H be a congruence subgroup of index n in SL 2 (D) whose level l(H) satisfies Condition L. Then
and if H is a normal subgroup then even
The structure of the paper is as follows:
In Section 1 we clarify by means of theorems and counterexamples how the properties 'Every subgroup of finite index has non-zero level', 'Every subgroup of non-zero level is a congruence subgroup' and 'Every subgroup of finite index is a congruence subgroup' are related. In Section 2 we present the quite lengthy proof of Theorem A. In Section 3 we introduce quasi-amplitudes. In Section 4 we define the quasi-level and prove Theorem B. Using the previous results, we then can in Section 5 prove Theorem C and similar relations between the level and the index of a congruence subgroup.
On the way we also prove several other interesting results. Whenever appropriate we show by means of examples the necessity of conditions in theorems and the limitations of certain definitions.
Of course, every result that holds for congruence subgroups can also be reformulated as a necessary condition that a subgroup must satisfy in order to stand a chance of being a congruence subgroup. For the classical modular group SL 2 (Z) many such criteria are known, and some of them are very useful in practice (compare Example 2.12). In order to get an overview, we now summarize the criteria that our results furnish. Several of them seem to be new or at least new in such a general setting.
Theorem D. Let D be any Dedekind domain and q a non-zero ideal of D. Let H be a subgroup of G = SL 2 (D) with level l(H) = q and quasi-level ql(H). In order for H to be a congruence subgroup, the following conditions are necessary: 
Finally suppose that in addition H is a normal subgroup of G (and that l(H) satisfies Condition L). Then the following conditions are necessary for H to be a congruence subgroup: h) (Corollary 4.7) Every quasi-amplitude of H is actually a cusp amplitude of H.
i) (Theorem 5.6) |D/l(H)| divides |G : H|.
With the exception of a) in general none of the conditions is sufficient for H to be a congruence subgroup. Conditions e), f), and h) hold automatically if D = Z and Remark 2.12 points out non-congruence subgroups of SL 2 (Z) that satisfy conditions b), c), d), g) and i).
On the other hand, none of the conditions is trivial in the sense of automatically true for every D. Remark 2.12 provides examples of non-congruence subgroups of SL 2 (Z) that violate conditions b), c) and d), and Theorem 4.12 allows the construction of normal non-congruence subgroups that satisfy Condition L, but violate the conditions e), f), g), h) and i).
If H is a congruence subgroup such that l(H) does not satisfy Condition L, then Examples 4.10 and 5.4 show that none of the conditions f), g), h) and i) need hold, even if H is normal. Compare also Example 4.9 for conditions f) and h). Finally, the condition that H is normal cannot simply be dropped for parts h) and i). Examples 3.2 and 3.5 exhibit non-normal congruence subgroups H that satisfy Condition L, but neither h) nor i).
Congruence subgroups
Let R be a (commutative) ring and let R * be its group of units. For each r ∈ R, α ∈ R * , we put
and T (r) := T (1, r) = 1 r 0 1 .
In addition we define S(r) := 1 0 r 1 and R(r) := 1 + r r −r 1 − r .
Let E 2 (R) be the subgroup of SL 2 (R) generated by all T (r) and S(r) with r ∈ R.
For each R-ideal q we denote by E 2 (R, q) the normal subgroup of E 2 (R) generated by all T (q) with q ∈ q. By definition we note that E 2 (R, R) = E 2 (R). Let NE 2 (R, q) be the normal subgroup of SL 2 (R) generated by E 2 (R, q). We put NE 2 (R, R) = NE 2 (R). We also define
where I 2 denotes the 2-dimensional unit matrix. Obviously
Occasionally we will also need the Borel group, consisting of the upper triangular matrices,
If H is a subgroup of G, we denote the core of H in G, i.e. the biggest normal subgroup of G contained in H by
Since NE 2 (R, q ′ ) is the normal subgroup of SL 2 (R) generated by all T (r) with r ∈ q ′ , we can equivalently say that the level of H is the largest ideal q ′ such that the core N H of H contains all translation matrices T (r) with r ∈ q ′ .
It is clear that if R/q ′ is finite then C is of finite index in SL 2 (R).
Let q, q ′ be ideals for which q ⊇ q ′ ⊇ q 2 . We will require some properties of the quotient group SL 2 (R, q)/SL 2 (R, q ′ ). We put r = q/q ′ and we denote the image of any q ∈ q in r by q. Let X ∈ SL 2 (R, q). Then
for some x, y, z, t ∈ q. We define a map
Lemma 1.1. With the above notation, the map θ induces the following isomorphism
where r + is the additive group of r. Moreover the quotient group SL 2 (R, q)/SL 2 (R, q ′ ) is generated by the images of the elements S(q), T (q), R(q), where q ∈ q.
Proof. See the proof of [MSt, Theorem 4.1] .
To obtain more precise properties of congruence subgroups we require some restrictions on R. We recall that R is said to be an SR 2 -ring if, for all a, b ∈ R such that aR + bR = R, there exists c ∈ R for which (a + cb) ∈ R * . Every semi-local ring, for example, is an SR 2 −ring ( [B, Theorem 3.5, p.239] ).
Proof. See the proof of [B, (9. 3) Corollary, p. 267].
Since every proper quotient of a Dedekind domain is semi-local the following is an immediate consequence of Theorem 1.2.
Corollary 1.3. Let D be a Dedekind domain and let q, q ′ be D-ideals. 
be irreducible of degree at least 2. By Theorem 4.12 below or by [MSch2, Theorem 5.5 
) has a normal non-congruence subgroup N of finite index and level (f (x)). The inverse image of N under reduction modulo y is a normal subgroup of finite index in
From now on D will always be a Dedekind domain. We will sometimes use the abbreviations
and
Lemma 1.6. If D has characteristic p > 0 and every unit of D has finite order, then D * ∪ {0} is a field k. Moreover, k is the biggest algebraic extension of F p contained in the field of fractions of D.
Proof. Obviously K, the quotient field of D, contains the prime field F p . Let k be the biggest algebraic extension of F p contained in K.
Let u be a unit of D that has finite order. Then u is a root of unity and hence contained in an algebraic extension of F p . Thus u ∈ k. Conversely, every element of k * is a root of unity, so it is in D since D is integrally closed, and obviously it is a unit of D. Proof. The following proof is inspired by the proof of [Se1, Proposition 1, p.491] .
If H is a subgroup of finite index in SL 2 (D), then its core is a normal subgroup of SL 2 (D) and still has finite index. So it suffices to prove the lemma for a normal subgroup N of finite index in SL 2 (D). We define
This set will be investigated in more detail in Section 4. Here we only need that ql(N) is a subgroup of (D, +) and that u 2 ql(N) ⊆ ql(N) for every u ∈ D * . The last claim can be seen by conjugating with the diagonal matrix with entries u and u −1 , as N is normal.
Let k be the infinite field in D. Then obviously k * ⊆ D * . So ql(N) is stable under multiplication with x 2 and even with x 2 − y 2 for all x, y ∈ k. If the characteristic of k is different from 2, then it is easy to see that every element of k is of the form x 2 − y 2 with x, y ∈ k. Thus ql(N) is a subspace of the k-vector space D. Since the quotient space D/ql(N) is finite because
If the characteristic is 2, the squares in k still form an infinite field k 2 , and we can apply the same proof using k 2 -vector spaces. We recall from the introduction that if D is of arithmetic type then every congruence subgroup of SL 2 (D) is of finite index. It is known that for some such D (including the classical case R = Z) the converse does not hold. At this point we record a class of arithmetic Dedekind domains for which the converse does hold.
Let K be a global field. In other words, K is either an algebraic number field, i.e. a finite extension of Q, or K is an algebraic function field of one variable with finite constant field, i.e., K is a finite extension of a rational function field F q (t).
Let S be a proper subset of all the places of K which contains all archimedean places. Let O S be the set of all elements of K that are integral outside S. Then O S is an arithmetic Dedekind domain whose prime ideals correspond to the places of K outside S.
Note that we do not assume that S is finite (as in the standard definition of the ring of S-integers of K). If S is infinite, then O * S is not finitely generated. If S contains all places of K except one, then O S is a discrete valuation ring. The next theorem is a minor extention of a famous result of Serre [Se1] . Theorem 1.9. Let K be a global field and O S the ring of S-integers where S is an infinite set. Then every subgroup of finite index in SL 2 (O S ) has non-zero level, and every subgroup of non-zero level is a congruence subgroup.
Proof. The first claim follows from Proposition 1.8. The second claim is equivalent to showing
for every non-zero ideal q of O S . We use a "local" argument to reduce this to a suitable case where S is finite. Take any g ∈ SL 2 (O S , q). Then the entries of g, being elements of K, lie in O S ′ for some finite subset S ′ of S. We may assume that |S ′ | > 1 and that S ′ contains at least one non-archimedean place. Let q ′ be the ideal
The converse inclusion always holds.
We present another class of Dedekind domains that have the same congruence subgroup property. Theorem 1.10. If D has only finitely many maximal ideals, then every subgroup of finite index in SL 2 (D) has nonzero-level, and every subgroup (finite index or not) of non-zero level is a congruence subgroup.
Proof. Let a be the product of the maximal ideals of D. Since the ideals a, a 2 , a 3 , . . . are all different, a must be an infinite set. Now every element of the form 1 + a with a ∈ a obviously does not lie in any of the maximal ideals; so it must be a unit. Thus D * is infinite. So if H is a subgroup of finite index in SL 2 (D), it has non-zero level by Proposition 1.8. Now let H be a subgroup, not necessarily of finite index, and assume that H has non-zero level, say l(H) = q. As D is semi-local and hence an SR 2 -ring by [B, Theorem 3.5, p .239], we can apply Theorem 1.2 with q ′ being the zero ideal, and obtain SL 2 (D, q) ≤ H.
In the previous two results the reason for the congruence subgroup property was that NE 2 (D, q) = SL 2 (D, q) for every ideal q of D. We now construct examples with a different reason. First a very general fact.
. Then D has infinitely many maximal ideals by Theorem 1.10. Asssume NE 2 (D, q) = SL 2 (D, q). Choosing an ideal q ′ with q + q ′ = D and using Corollary 1.3 we would obtain
Example 1.12. Let k be an algebraically closed field of characteristic 0. Let
has non-congruence subgroups of every level. But every subgroup of finite index is a congruence subgroup for the trivial reason that SL 2 (D) has no subgroups of finite index.
To see all this, we use Takahashi's description [Ta] of the action of GL 2 (D) on the Bruhat-Tits tree of GL 2 (k((t))) where t = x y . Note that since every element of k * is a square, there exists a natural isomorphism P SL 2 (D) ∼ = P GL 2 (D).
Since the fundamental domain of this action is a connected graph without loops [Ta] , by the theory of groups acting on trees [Se2] , the group is generated by the stabilizers of the vertices. By [Ta, Theorem 5 ] these stabilizers are built from subgroups isomorphic to k, k * and P SL 2 (k). As the groups k and k * are infinitely divisible, they have no subgroups of finite index; and since k is infinite, P SL 2 (k) also has no finite index subgroups. Hence a subgroup of finite index in P GL 2 (D) would have to contain all stabilizers and so be equal to P GL 2 (D).
Moreover, the fact that the fundamental domain has a vertex with trivial stabilizer and the description of its neighbours [Ta] shows that P GL 2 (D) is a free product
modulo the center. This shows that modulo scalar matrices SL 2 (D)/NE 2 (D) is isomorphic to the infinite group * ℓ∈k ∆(ℓ).
To appreciate this example we point out that even if a Dedekind domain D has no finite quotients, this does not imply that the group SL 2 (D) has no subgroups of finite index. Then D * = k * , and since every element of k * is a square we again have P SL 2 (D) ∼ = P GL 2 (D). By Takahashi's results [Ta] again we have a free product
D) modulo scalar matrices. However, since the equation y 2 + y = 1 has no solution in k, by [Ta, Theorem 5 ] this time
Thus L contains the 3-rd roots of unity, but not the 9-th roots of unity. Hence the third powers in L * form a subgroup of index 3 that contains k * . So L * /k * has a subgroup of index 3. Because of the free product there exists a surjective homomorphism from P SL 2 (D) to ∆(1) whose kernel is the normal subgroup generated by all other ∆(ℓ). Thus SL 2 (D) contains a normal non-congruence subgroup of index 3 and level D.
We mention two types of Dedekind domains for which SL 2 (D) does not have the congruence subgroup property.
Every subgroup of finite index in SL 2 (Z) has non-zero level, but SL 2 (Z) has finite index non-congruence subgroups.
Let O S be the ring of S-integers in a global function field K where |S| = 1. Then SL 2 (O S ) has uncountably many finite index subgroups of level zero [MSch2, Corollary 3.6] and SL 2 (O S ) has finite index non-congruence subgroups of almost every level [MSch2, Theorem 5.5] .
Remark 1.14. This leaves open the question whether there exist examples SL 2 (D) that contain finite index subgroups of level zero but in which every finite index subgroup of non-zero level is a congruence subgroup.
By Lemmas 1.6 and 1.7 and Proposition 1.8 such a D must be an F q -algebra with unit group F * q . One might be tempted to think that the rings O S in a global function field K with |S| = 1 are the only instances of such rings. This is true for finitely generated F q -algebras D, because then the Krull dimension of D equals the transcendence degree of its quotient field.
However, O. Goldman [Go] has constructed Dedekind domains D with D * = F * q such that D/m is a finite field for every maximal ideal m of D, and the quotient field K of D has transcendence degree n over F q where n can be any given natural number. We thank Peter Vámos for pointing out this reference to us.
Cusp amplitudes
Throughout D denotes a Dedekind domain with quotient field F ( = D). For each x ∈ D we denote the principal D-ideal xD by (x). We write (x, y) = z, if (x) + (y) = (z). All the results of Section 1 apply to SL 2 (D) which from now on we denote by G.
We recall the action of G onF = P 1 (F ). Let g = a b c d be an element of G.
In particular G acts transitively onF if and only if D is a principal ideal domain.
In general the G-orbit inF containing ∞ is
Let H be a subgroup of G. For each g ∈ G, let H g denote the conjugate subgroup g −1 Hg. For each z ∈F , we denote the stabilizer of z in H by
It is clear that
for all g ∈ G and z ∈F , and that
The following correspondence is obvious.
Definition. Let z 1 , z 2 ∈F . We write
Lemma 2.1. Let r, s ∈ G. Then
Lemma 2.1 provides the following bijection:
between the orbits of the H-action on O ∞ and the (H, G ∞ ) double cosets in G. We refer to the elements of H\O ∞ as the H-cusps.
It is clear that the double coset HgG ∞ is a union of a set S of (right) H-cosets and that
where z = g(∞). From now on let {g λ : λ ∈ Λ} be a complete set of representatives for the double coset space H\G/G ∞ . Then {z λ = g λ (∞) : λ ∈ Λ} is a complete set of representatives for the H-cusps in O ∞ , by Lemma 2.1. Our next lemma is an immediate consequence of the above.
Lemma 2.2. Let H have finite index in G. Then, with the above notation,
It follows from the above that, if g ∈ G and z = g(∞), then every unipotent matrix in G z is of the form gT (x)g −1 , for some x ∈ D. It is obvious that {x ∈ D : gT (x)g −1 ∈ H} is a subgroup of (the additive group of) D. Now let g i ∈ G, (i = 1, 2). Suppose now that Hg 1 G ∞ = Hg 2 G ∞ . Then g 1 = hg 2 s, for some h ∈ H and s ∈ G ∞ . It is clear that
2 ∈ H, where µ ∈ D * is completely determined by s. We are now able to make the following definition.
Definition. For each g ∈ G, let c(H, g) denote the largest D-ideal q with the property that gT (q)g −1 ∈ H, for all q ∈ q.
It is clear from the above that c(H, g) = c(H, g ′ ), whenever g(∞) ≡ g ′ (∞) (mod H). We call c(H, g) the cusp amplitude of the H-cusp containing g(∞).
It is clear that, for each g ∈ G, there exists a unique λ ′ ∈ Λ such that
Definition. We denote a complete set of cusp amplitudes for H by
The following is an immediate consequence of the above.
Lemma 2.3. For each subgroup H of G,
Remarks 2.4.
(ii) If l(H) is non-zero (for example when H is a congruence subgroup), then A(H) involves only finitely many ideals.
(iii) To avoid any possible confusion we emphasize that if D is not a principal ideal domain the cusps (and the cusp amplitudes) of H we consider are only a part of the H-orbits on P 1 (F ), namely those contained in the G-orbit of ∞.
It is easily verified that cusp amplitudes are invariant under conjugation as given below.
We require a more detailed description of the unipotent matrices in each G z , where
where (a, b) = 1. In this case z = a/b, when b = 0, and z = ∞, when b = 0. Note that U(1, 0; x) = T (x) and U(0, 1; x) = S(x).
Before our principal results we record this well-known useful property of Dedekind domains, which follows from the Chinese Remainder Theorem (CRT).
Lemma 2.6. Let p 1 , · · · , p t be distinct prime D-ideals and let α 1 , · · · , α t be nonnegative integers, where t ≥ 1. Then there exists d ∈ D such that
For the first principal result our approach is more direct than that of Larcher [La] .
In particular we avoid his use of the Dirichlet theorem on primes in an arithmetic progression (for Z.)
Theorem 2.7. Let H be a congruence subgroup of G and let q i be a non-zero D-ideal contained in c(H, g i ), where i = 1, 2. Then there exists g 0 ∈ G such that
Proof. Now H ≥ G(q), for some q = {0}. It is clear that, if X, Y ∈ G and X ≡ Y (mod q), then X ∈ H if and only if Y ∈ H. By Lemma 2.5 it is sufficient to prove the theorem for the case g 1 = I 2 . We may also assume that q 1 + q 2 = q i and (by Corollary 1.4 and Lemma 2.3) that q i ⊇ q, where i = 1, 2. Now U(1, 0; q) = T (q) ∈ H, for all q ∈ q 1 and U(c, d; q) ∈ H, for all q ∈ q 2 , for some c, d ∈ D, with (c, d) = 1. Let q 1 + q 2 = q 0 . For our purposes it is sufficient to find a, b, with (a, b) = 1 and ideals q i , contained in q i , where i = 1, 2, such that q 1 + q 2 = q 0 , with the following properties. For all λ ∈ q 1 and all µ ∈ q 2 , there exist λ 0 ∈ q 1 and µ 0 ∈ q 2 such that:
We may then take g 0 to be any matrix of the form
By definition q i = q Since (a, b) = 1 the congruence (a) is equivalent to
Since (c, d) = 1 the congruence (b) is equivalent to:
for some x ∈ D such that µ 0 ≡ µx (mod q). A consequence of ( * * ) is that, for all µ ∈ q 2 , (ad − bc)µ ≡ 0 (mod q).
We begin by finding a, b ∈ D for which
By applying the CRT to the factors in the prime decomposition of q ′′ 1 we can find y ∈ D such that
, where p is prime with α > 0, and dd 0 ≡ bc ≡ 0 (mod q ′′ 1 ), take y = 1.) Now for each prime divisor p of (b) we again use the CRT to find z ∈ D for which
(ii) z ≡ 1 (mod p), when p ∤ q ′′ 1 . The elements a = zd 0 and b (as above) satisfy the requirements. We can use the CRT to find x ∈ D such that
Then, for all µ ∈ q 2 = q ′′ 2 q 0 r, the congruences ( * * ) are satisfied. In addition, for all λ ∈ q 1 = q ′′ 1 q 0 , the congruences ( * ) are satisfied (with λ 0 = −a 2 λ). This completes the proof. 
Then c max ∈ A(H).
Proof. As previously noted A(H) involves only finitely many distinct ideals q 1 · · · q t , say. By repeated applications of Theorem 2.7 it follows that there exists g ′ ∈ G such that
But c(H, g ′ ) ∈ A(H) and so c(H, g ′ ) = q 1 + · · · + q t = c max .
We now come to our second principal result. Here our approach is similar to that of Larcher.
Lemma 2.9. Let H be a congruence subgroup of G of level q and let q ∞ = c(H, I 2 ) and q 0 = c(H, g 0 ), where g 0 (∞) = 0. Then
Proof. Suppose to the contrary that q 0 q ∞ + q = q. We will prove that there exists an ideal q ′ such that
which contradicts Corollary 1.4. Recall that q ∞ ⊇ q and q 0 ⊇ q, by Lemma 2.3. We assume for now that
where pq ′ = q, for some prime ideal p. Then T (x), S(x) ∈ H, for all x ∈ q ′ . There are two possibilities.
Now D/p is a field and so SL 2 (D/p) is generated by elementary matrices. It follows that
and hence that G(q ′ ) ≤ H.
Note that here Lemma 1.1 applies to the quotient group G(q ′ )/G(q), since (q ′ ) 2 ⊆ q. For all x ∈ q ∞ and all y ∈ q 0 , the element
It follows that H ∩ G(q ′ ) contains elements
for all z ∈ q ′ and also S(z) and T (z) (as mentioned before Case 1). This implies that G(q ′ ) ≤ H, by Lemma 1.1.
If q ∞ q 0 + q = q ′ we replace q 0 , say, with q * , divisible by q 0 , where q ∞ q * + q = q ′ , and repeat the above argument.
An alternative proof of our second principal result (for the case D = Z) can be found in [St] . 
Then c min ∈ A(H).
Proof. Recall from Lemma 2.3 that c(H, g) ⊇ q, for all g ∈ G, where q = l(H). We will assume that c(H, g) = q, for all g ∈ G, and obtain a contradiction.
By Lemma 2.5 it is sufficient to prove the theorem for the case where By Lemma 2.6 we can choose z ∈ D for prime ideals p such that
(Possibly z = 1.) Consider the H-cusp, c(H, g z ), where g z ∈ G is given by
Then g z (∞) = z and c(H, g z ) = q z is determined by the matrices
Now t −1 (∞) = ∞ and t −1 g z (∞) = 0. Applying Lemma 2.9 therefore to H t , it follows that q Case 1:
Choose a prime divisor p of q
Now by definition p + (z) = D and so q + (z)q ′ = q ′ . Hence, for all q ∈ q ′ , there exist q ′ ∈ q ′ such that zq ′ ≡ q (mod q). As in the proof of Lemma 2.9 (Case 2) it follows from Lemma 1.3 that G(q ′ ) ≤ H, which contradicts Corollary 1.4.
Choose a prime p dividing q
for all x ∈ q ′ . It follows that S(x) ∈ H, for all x ∈ q ′ + q 0 . But q ′ + q 0 = q 0 , since q 0 q ′ , which contradicts the maximality of c(H, g 0 ). This completes the proof.
From Theorem 2.10 we obtain in particular the following necessary condition for a subgroup to be a congruence subgroup.
Corollary 2.11. If H is a congruence subgroup of G, then there exists some g ∈ G with l(H) = c(H, g).
All the results in this section are, of course, motivated by the classical modular group. It is appropriate therefore that we include a detailed account of how they apply to this important special case.
Example 2.12. Cusp amplitudes were first introduced for finite index subgroups of the modular group SL 2 (Z) (motivated by the theory of modular forms). In this case the cusp ∞ is P 1 (Q), since Z is a PID. Let H be a subgroup of finite index in G containing ±I 2 . For each g ∈ G, the Z-ideal c(H, g) is non-zero, generated by a (unique) positive integer n(H, g), say. Since Z * = {±1} it follows that in this case
where z = g(∞). The double coset space H\G/G ∞ is finite, represented by elements
where 1 ≤ i ≤ t. We assume that n 1 ≤ · · · ≤ n t . The sequence (n 1 , · · · , n t ) is called the cusp-split of H and satisfies the important cusp-split equation
If n 0 (≥ 1) is a generator of the (Z-)ideal l(H), then n 0 = lcm{n 1 , · · · , n t }, by Lemma 2.3.
Suppose now that H is a congruence subgroup of index µ in SL 2 (Z). Then, by Corollary 2.8 and Theorem 2.10, n 1 = gcd{n 1 , · · · , n t } and n t = n 0 .
There are two immediate consequences, namely, Among the index 7 subgroups of SL 2 (Z) are those with cusp-splits (3, 4) and (2, 5).
(See [St] .) They are non-congruence by Corollary 2.8 or Theorem 2.10 (or inequality ( * )). On the other hand these results provide only necessary conditions. For example, it is known [AS] that there exist subgroups with cusp-splits (1, 6) and (1, 1, 7) which, despite being consistent with Corollary 2.8 and Theorem 2.10, are non-congruence since neither satisfies ( * * ). However non-congruence subgroups do exist for which Corollary 2.8, Theorem 2.10 and ( * * ) all hold. It is known [AS] there exists a non-congruence subgroup with cusp-split (8).
As previously emphasised we wish to demonstrate explicitly that our principal results, Corollary 2.8 and Theorem 2.10, do extend to D which are not of arithmetic type.
Example 2.13. Let D = k[t], the polynomial ring over a field k. Then D is of arithmetic type if and only if k is finite. Let p be a prime k[t]-ideal.
We define
. There are two possibilities.
In this case x ∈ p and hence c(G 0 (p), g) = p.
In this case a / ∈ p and U(a, b; x) ≡ T (−xa 2 ) (mod p). Thus U(a, b; x) ∈ G 0 (p) if and only if x ∈ c 2 k + p, where ac ≡ 1 (mod p). We are reduced to two possible outcomes.
for all g ∈ G. We note that G 0 (p) is an example of a non-normal subgroup all of whose cusp-amplitudes are equal.
(This always happens when k is algebraically closed.) It is easily verified that there are precisely two
) and that {T (1), S(1)} is a complete set of representatives for the
3. Quasi-amplitudes Definition. As usual let H be a subgroup of G. We define the quasi-amplitude
Clearly the cusp amplitude c(H, g) is the biggest D-ideal contained in b(H, g).
Note that, in contrast to c(H, g), the quasi-amplitude b(H, g) does not just depend on the H-cusp containing g(∞). More precisely it is easily verified that
It is clear that, for all g ∈ G, the subgroup (H g ) ∞ normalizes U, so that U · (H g ) ∞ is a subgroup of G. We then have the following one-one correspondences
Definition. If H is of finite index in G we define
Our next result is a generalization of the cusp split formula for subgroups of SL 2 (Z).
Theorem 3.1. Let H be a subgroup of finite index in G. If {g λ (∞) : λ ∈ Λ} is a complete set of representatives for the H-cusps in O ∞ , then
Proof. We note that, for all g ∈ G,
The proof follows from Lemma 2.2.
So there exists a (non-normal) congruence subgroup H of SL 2 (F 9 [t]) of index 6 and level (t).
. Actually, both inclusions are proper: b(H, I 2 ) cannot equal F 9 [t] since H/ ± SL 2 (C, (t)) ∼ = A 5 does not contain a subgroup of order 9; on the other hand |C : b(H, I 2 )| ≤ |SL 2 (C) : H| = 6, so b(H, I 2 ) cannot equal (t). In particular, this shows that b(H, I 2 ) is not an F 9 -subspace of F 9 [t], although, being an additive group, it is clearly an F 3 -subspace. All in all we see that
where β is an element from F * 9 . Let ζ ∈ F 9 be a primitive 8-th root of unity. Then H cannot contain any matrices of the form
since H/ ± SL 2 (C, (t)) has no elements of order 4. Hence |G ∞ : H ∞ | is divisible by 2. Together with |C : b(H, I 2 )| = 3 we see that |G ∞ : H ∞ | = 6 and hence that ∞ is the only cusp of H.
Here we see the problem discussed earlier. The matrix
represents the same cusp as I 2 , namely ∞, but
where i is a primitive 4-th root of unity in F 9 . 
Compare for example [Se2, exercise 2, p.88] . We define V = {T (r) : r ∈ (t)}.
Since for q ∈ {2, 3} all diagonal matrices are in the center of SL 2 (F q [t]), this amalgamated product shows that the identity on V extends to a surjective group homomorphism φ : SL 2 (F q [t]) → V whose kernel is the normal subgroup generated by SL 2 (F q ). Now for each of the uncountably many F q -subspaces W of codimension q e in V the inverse image φ −1 (W ) is a normal subgroup of SL 2 (F q [t]) of index q e , and Theorem 3.1 shows that it has only one cusp.
The following lemma will be required later on.
Lemma 3.4. Let H be a congruence subgroup of G of level q. Assume that x ∈ b(H, I 2 ). Then for every α ∈ D that is invertible modulo q there exists an element g ∈ G with α 2 x ∈ b(H, g).
Proof. Since α is invertible mod q, there exists δ ∈ D such that αδ − 1 =: γ ∈ q.
Moreover,
is an element of G(q), which is a subgroup of g −1 Hg. Hence T (α 2 x) ∈ g −1 Hg.
We conclude this section with two examples which show that in general neither Corollary 2.8 nor Theorem 2.10 hold for the quasi-amplitudes of a congruence subgroup. If H is any subgroup of G, we denote the subgroup H, −I 2 by ±H.
Example 3.5. Here we use G to denote the Bianchi group SL 2 (O d ), where O d is the ring of integers in the imaginary quadratic number field Q( √ −d). We will assume that d ≡ 1(mod 3), which ensures that
Hence there exists a (non-normal) subgroup H of G for which
So H is a congruence subgroup of level q 0 and index 6. Hence there are precisely two (H, G ∞ )-double cosets in G. Then
For a representative of the other double coset we fix α ∈ D which maps onto a primitive root of
Then g 0 can represent the other double coset. We conclude that
Clearly this set has neither a minimum nor maximum member under set-theoretic containment.
Example 3.6. For our second example of this type we return to Example 2.13. Let p be a prime ideal in k[t], where k is a field. We recall that
From Example 2.13 it follows that, for all g ∈ G 0 ,
, and that b 0 (a) = p if and only if a ∈ p. We now restrict our attention to those b 0 (a) for which a / ∈ p.
For each pair x, y ∈ K * we write xρy if and only if (xy
Then ρ is an equivalence relation on K * . Let {a ω : ω ∈ Ω} be a subset of k[t] which maps bijectively onto a complete set of representatives for the ρ-classes. It follows that
This set always has a minimal member, i.e. p. However it has a maximal member only when it reduces to {k + p, p}. This happens only when x 2 ∈ k * , for all x ∈ K * . It is easy to find examples of K without this property when k is not algebraically closed.
Quasi-level
Definition. Let H be a subgroup of G. We define the quasi-level of H as
2 ), we see that
where N H is the core of H in G. However, Example 3.2 shows that in contrast to Lemma 2.3 the intersection over g ∈ G can in general not be replaced by the intersection over a system of representatives of the cusps (even when H is a congruence subgroup).
The second equality shows that our definition of quasi-level coincides with the one we gave in [MSch2] . Actually ql(H) = b(N H , g) for any g ∈ G. But Example 3.5 shows that in contrast to Corollary 2.11 there is in general no g ∈ G for which ql(H) = b(H, g) (even when H is a congruence subgroup). We summarize the basic properties:
Lemma 4.1.
(ii) ql(H) is an additive subgroup of D with the property that
For congruence subgroups we can combine Lemmas 3.4 and 4.1 to obtain the following extension of Lemma 4.1(ii).
Lemma 4.2. Let H be a congruence subgroup and let α ∈ D be invertible modulo l(H). Then α 2 ql(H) ⊆ ql(H).
We will also show that when H is a congruence subgroup the inequality in Lemma 4.1(iii) becomes an equality (in "most" cases). For this purpose we require a number of preliminaries.
Lemma 4.3. Let H be a congruence subgroup of G and let l(H) = q = q 1 q 2 , where
and so
by Corollary 1.4. The result follows.
Lemma 4.4. Let N be a normal congruence subgroup of level q = q 1 q 2 , where
The result follows.
Our next lemma is almost certainly well-known. In the absence of a reference we provide a proof.
Lemma 4.5. Let L be a local ring for which 2 ∈ L * . Then P SL 2 (L) has trivial centre.
Proof. Note that, since 2 ∈ L * , the only involutions in L * are ±1. Let
Then, if g maps into the centre of P SL 2 (L), it follows that, for all x ∈ L,
gT (x) = λT (x)g and gS(x) = µS(x)g, where λ 2 = µ 2 = 1. If γ ∈ L * , then λ = 1 and so γx = 0. Thus γ / ∈ L * and similarly β / ∈ L * . We deduce that α, δ ∈ L * . From the first of the above equations it follows that α = λ(α + xγ) and hence that 2xαγ + x 2 γ 2 = 0. The latter equation holds for x = ±1 and so 4αγ = 0. From the above γ = 0 and similarly β = 0. It then follows from the above that α = δ, i.e. g = ±I 2 .
Before coming to our next principal result we make another definition. Conversely, for each D-ideal q we define
So it is clear that if
Theorem 4.6. Let H be a congruence subgroup of SL 2 (D) such that l(H) = q satisfies Condition L (from the Introduction). Then
equivalently, the quasi-level is actually an ideal.
Proof. By Lemma 4.1(iv), (v) we may assume that H = N H (i.e. H G). From the above it is sufficient to prove that N H ≤ Z(q), and hence that N H ≤ Z(p α ), where p is any prime ideal for which α = ord p (q) > 0. Let L denote the local ring D/p α and let
denote the natural map. Now SL 2 (L) is generated by elementary matrices by [K, Theorem 1] and so (again by [K, Theorem 1] )
for all D-ideals r, where r is the image of r in L. (In particular π is an epimorphism.)
Then by [K, Theorem 3 ] the hypotheses on q and the above ensure that
for some β < α which contradicts Lemma 4.3 (with q 2 = p α and
The map π extends to an epimorphism
By Lemma 4.4 π(N H ) is central in P SL 2 (L). We now apply Lemma 4.5 to conclude that π(N H ) ≤ {±I 2 }.
For normal subgroups we can reformulate Theorem 4.6 as follows.
Corollary 4.7. Let N be a normal congruence subgroup of G. If the level of N satisfies Condition L, then
that is, the quasi-amplitudes of N are actually the cusp amplitudes.
Proof. Since N is normal any quasi-amplitude is equal to the quasi-level and any cusp amplitude is equal to the level. 
In particular, there exists a normal congruence subgroup of index 3 in SL 2 (F 3 [t]) that has level t(t + 1).
Remarks 4.11. a) If the level of a congruence subgroup H is a prime ideal p, then ql(H) = l(H).
This follows immediately from the simplicity of the group P SL 2 (D/p), when |D/p| > 3. The cases for which |D/p| ≤ 3 can be checked directly.
b) If D is any arithmetic Dedekind domain, the quasi-level of a congruence subgroup is not " too far from" its level. For a normal congruence subgroup N the relation between l(N) and o(N) is described in [M2, Theorems 3.6, 3.10 and 3.14] . See also the end of Section 3 of [M2] .
For example, for a finite index subgroup H of SL 2 (Z[
from [M2, Theorem 3.6] since 2 is ramified and 3 is inert in Z[
is an ideal and hence equal to l(H).
Our final result demonstrates that for a non-congruence subgroup there is in general almost no connection between its quasi-level and level (in contrast with Theorem 4.6). We note that there is no proper normal subgroup of
Theorem 4.12. Let k be any field and let f ∈ k[t] with deg(f ) ≥ 2. Suppose that f (0) = 0 and, further, that f ′ (0) = 0, when deg(f ) = 2. Then there exists a normal non-congruence subgroup N of SL 2 (k[t]) of level (f ) with the following properties.
Proof. We note that, by hypothesis, t ∤ f . We define the k-subspace
) is generated by all T (r), S(r), where r ∈ k[t], part (i) follows. In addition ql(∆(Q)) = Q,
by [M3, Theorem 3.8] . Part (iii) follows. Suppose that l(∆(Q)) = (f ). Then
for some polynomial divisor h of f , with deg(h) < deg(f ). Then by the definition of Q, h, and hence f , must be divisible by t. Part (ii) follows. Finally, suppose that N is a congruence subgroup. Since, by hypothesis t is prime to l(N) = (f ),
If deg(f ) = 2, then t 3 ∈ Q. Now for this case tf ∈ Q and so t 2 ∈ Q, by the extra hypothesis. In either case (t) ⊆ Q, which implies that Q = k[t], a contradiction. The proof is complete. 
Level and index
We now make use of quasi-amplitudes to extend the index/level inequality ( * ) for finite index subgroups of SL 2 (Z) (in Example 2.12) to other arithmetic Dedekind domains.
First, let K be an algebraic number field of degree d over Q. We recall the definition of O S from Section 1, where S is a suitable, not necessarily finite, set of places of K.
Lemma 5.1. Let L be a subgroup of O S such that O S /L has exponent e. Then L contains the O S -ideal generated by e. In particular, every finite index subgroup
Proof. The first claim is obvious since ea ∈ L for every a ∈ O S . For the second claim let |O S : L| = n. Then L contains nO S . Denote the ring of integers of 
Proof. By Corollary 2.11 there exists g ∈ SL 2 (O S ) with l(H) = c(H, g). Let L be the quasi-amplitude b(H, g). Then |O S : L| ≤ |SL 2 (O S ) : H|, and the Theorem follows from Lemma 5.1. c) Lubotzky [Lu, (1.6 ) Lemma] has given a version of Theorem 5.2 for more general algebraic groups using different methods.
Next we exhibit some examples for which the inequality in Theorem 5.2 is sharp.
Example 5.4. Let K be a number field of degree d over Q. Let D = O K denote the ring of integers of K (i.e. the ring of S-integers of K, where S consists precisely of the archimedean places of K). We suppose that the ideal q 0 = (2) = 2D splits into the product of d distinct prime ideals in D. Let G = SL 2 (D). Then, using Corollary 1.3,
where for 1 ≤ i ≤ d,
Let p be any prime ideal dividing q 0 and let q 0 = pp ′ . Then, again by Corollary 1.3, under the first isomorphism above
for some j. So by the decomposition law in cyclotomic fields the inertia degree of (2) in the p 1 p 2 -th cyclotomic field Q(ζ p 1 p 2 ) divides m 1 m 2 d. Since Q(ζ p 1 p 2 ) has degree m 1 m 2 d 2 over Q, the decomposition field of (2) in Q(ζ p 1 p 2 ) is an abelian extension of Q whose degree is divisible by d. Thus it contains a subfield K of degree d over Q with the desired property.
Alternatively we could argue as follows: Gal(Q(ζ p 1 p 2 )/Q) ∼ = Z/m 1 dZ ⊕ Z/m 2 dZ and the Frobenius at 2 generates a cyclic subgroup; so its fixed field is an abelian extension of Q whose degree is divisible by d.
Taking two other primes p 1 , p 2 one obtains a different field K since Q(ζ p 1 p 2 ) and hence K is unramified outside p 1 p 2 .
By an analogous proof for each d there are infinitely many number fields K of degree d such that (3) splits completely in O K . For these one can similarly construct a normal congruence subgroup of index 3 in SL 2 (O K ) with level 3O K . (Compare Example 4.10 for a special case.)
Thus it looks like Theorem 5.2 is optimal. Also, it is not possible to prove a function field analogue of Theorem 5.2 along the same lines, as there cannot be a function field analogue of the inequality in Lemma 5.1. Even in F q [t] one can construct additive subgroups L of index q such that the biggest ideal a contained in L is the zero ideal or any prescribed nontrivial ideal. (This is actually the key point for many constructions in [MSch2] . See also Theorem 4.12.)
However, somewhat surprisingly, under the condition that the level is prime to certain ideals one can give a relation between the level and the index (if finite) of a congruence subgroup of SL 2 (D) that is valid for any Dedekind domain D. Proof. If N is normal, the level is equal to any cusp amplitude. Under Condition L this cusp amplitude is equal to the quasi-amplitude by Corollary 4.7. So the result follows from Theorem 3.1. Proof. H has the same level as its core in SL 2 (D), and the index of this core divides n!.
Corollary 5.7 is stronger than Theorem 5.2 if n is sufficiently small compared to d. Examples 4.10 and 5.4 show that Condition L cannot simply be dropped in Theorem 5.6 and Corollary 5.7. But for arithmetic Dedekind domains D one can prove somewhat weaker results than Theorem 5.6 and Corollary 5.7 for congruence subgroups that do not satisfy Condition L. The key is that by results of [M2] one can still controll the relation between l(N) and ql(N). See our Remark 4.11 b). We content ourselves with the function field case. Since the case of characteristic p > 3 is already fully covered by Theorem 5.6, we only have to deal with characteristic 2 and 3. 
